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It is assumed that a crystal structure in Pl is fixed and that the random variables (vectors) h, k, |, m, n
are uniformly and independently distributed over the subset of reciprocal space defined by h+k+1
+m+n=0. Then the 15 structure factors Ey, E,, Ej, En, Ens Ehsw> En+1s Ebsms» Entnm Ex+15 Ex+ms Ek+mo
Eyim Ersn En+n, as functions of the primitive random variables h, k, 1, m, n, are themselves random
variables, and their joint probability distribution is found. This distribution plays the central role in the
theory and estimation of the five-phase structure invariants @, 4+ @ + @) + O + @,

1. Introduction

In recent work (Hauptman 1975q, b) a new method
in the probabilistic theory of the structure invariants
was initiated [and later extended to include the un-
equal atom case, in particular to neutron diffraction
(Hauptman, 1976)]. Of particular importance was the
introduction of the neighborhood concept which plays
the central role in this development. In the previous
paper (Hauptman, 1977) a sequence of nested neigh-
borhoods of the five-phase structure invariant ¢ =
On+ O+ 0+ 0+ @, was obtained. In the present
paper joint probability distributions of five and of
fifteen structure factors, associated with the first and
second neighborhoods, respectively, of ¢ are derived.
In the following paper (Hauptman & Fortier, 1977)
the related conditional probability distributions of ¢
are obtained. The methods used are the same as those
described in the earlier work (Hauptman, 1975a,b,
1976) with which it is assumed that the reader is
familiar, so that the present paper is greatly abbre-
viated. However, Appendix II, available from the
authors as a technical report of the Medical Founda-
tion of Buffalo, contains complete details of the deriva-
tion for the 15-structure-factor distribution. Improve-
ments and simplifications in the mathematical tech-
niques have made it possible to carry out the ex-
tremely lengthy calculations in a reasonable time.

2. Joint probability distribution of the five structure
factors E,, E,, E\, E,,, E,

Suppose that a crystal structure, consisting of N atoms
(not necessarily identical) per unit cell in P1, is fixed.
The fivefold Cartesian product Wx W x W x W x W
of reciprocal space W consists of all ordered quintuples
(h, k, 1, m, n), where h, k, |, m, n are reciprocal vectors.
Suppose that the ordered quintuple of reciprocal
vectors (h, k, I, m, n) is a random variable (vector)
which is uniformly distributed over the subset of
Wx W x W x W x W defined by

h+k+I4+m+n=0. (2.1)
Then the five normalized structure factors,
Eh’ Ek, Ela Ema En ’ (22)

as functions of the primitive random variables, h, k,
I, m, n, are themselves random variables. Denote by

P5=P(R1’ R2s R3a R45 RS; ¢1’ ¢23 ¢3"¢4’ ¢5) (2'3)

the joint probability distribution of the magnitudes,
IEhl’ lEkla lEII’ IEm|7 |En]a and the phasesa Ony P> Prs
@, @n, Of the five structure factors (2.2). Then, following
the methods referred to earlier, one readily finds, cor-
rect up to and including terms of order 1/N%2

1
PszFR,R2R3R4R5exp{—(Rf+R§+R§+Ri+R§)

—%[R‘}+R§+R‘;+R1+Rg
—4(R2+R3+R3+R2+R3%)+10]
2
+£R1R2R3R4R5 cos (P, + Py + B3+ Dy +Ps)b,
2

(2.4)
where

=Y. 11, 05)

and f; is the zero-angle atomic scattering factor for
the atom labeled j. In the X-ray diffraction case the
f; are the atomic numbers Z; and are therefore all
positive; in the neutron diffraction case some of the
f; may be negative. (2.4) leads directly to the con-
ditional probability distribution of the structure in-
variant @y + @y + @)+ @ + @y, given the magnitudes of
the five structure factors (2.2), as shown in the ac-
companying paper (Hauptman & Fortier, 1977).
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3. Joint probability distribution of the 15 structure
factors Ey, Ey, Ey, Epy, Eo3 Epsis Ent1s Entmy

Eh+n9 Ek+h Ek+m, Ek+n9 El+m9 El+n9 Em+n

Under the same assumptions as in § 2 the 15 normalized
structure factors

Eh7 Ek7 EI: Ema Ena
Eh+ka Eh+l7 Eh+ma El\+n, Ek+|a

Ek+ms Ek+na El+m3 El+na Em+na (3'1)

as functions of the primitive random variables h, k,
l, m, n, are themselves random variables. Denote by
P15=P(Rla R,, R3a R4, Rs, Ry3, Ry3, Ry,

Rys, Ry3, Ras, Rys, R3s, Ras, Rys;
(pl’ (DZ’ ¢3a ¢45 ¢5, (plla (pl3a (p14’

(DIS, ¢2,3a ¢24, ¢257 45347 4535: ¢45) (32)

the joint probability distribution of the magnitudes,
|E], and phases, ¢, of the 15 structure factors (3.1).
Following the methods referred to earlier (Hauptman,
1975a, b, 1976) and described at length in Appendix II,
which is available from the authors, P,s, the major
result of this paper, has been obtained and is shown
in Appendix I correct up to and including terms of
order 1/N*2, Here, only those terms in P, s are given
which are needed to derive the conditional distribu-
tion described in the accompanying paper (Hauptman
& Fortier, 1977) correct up to and including terms of
order 1/N3/2:

) .
P15 = ?—5 R1R2R3R4R5R12R13R14
X Ry5R;33R34R;5R34R35R s

><exp{—R%~R%—R2—R1—R§—sz——R§3
—-R%“_R%S_R%3——R%4_R%5~R§4_R%5_R25

20
+ W@[RIRZRH cos (P + P, —P;,)

+R;R3R ;3 cos (P, + P53 —P,3)
+RiR4R 4 cos (P +D,—Dy4)
+RiRsR 508 (D) +P5—D,5)

4+ R,R3R ;3 cos (@, + P53 —D,5)
+R2R4R34 COS (D3 + Py — D34)
+R3R5R;5 cos (P, + D5 — D, 5)
+R3R4R34 cOS (D3 + Py — D3y)
+R3RsR35 cos (D3 + Ps — D35)
+R4R5R,5 cos (Py+ Ps—Dys)]

+ % [R1R33R45 cos (P + Py3+ Pys)

+ R R34R35 cos (D1 + P4+ P3s5)
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+ R R;5R34 cos (P, + Py5+ Dsy)
+R3R 3R45 €08 (Dy+ P53+ Dys)
+ R;R 4R35 co8 (P2 + P14+ P3s)
+R3R5R34 €08 (P + P15+ P3s)
+R3R3R45 cos (P3+ P15+ Pus)
+R3R 4R35 cos (P3+ P14+ P;5)
+R3R sR,4 cos (P3+ P, 5+ Dyy)
+R4R2R35 CO8 (D4 + Py 5 + Ps35)
+R4R 3R;5 co8 (Py+ P53+ Pss)
+R4R 5R33 cos (P4 + P15+ Py3)
+RsR ;R34 cOs (Ps5+ Py + D3y)
+RsR 3R, 08 (D5 + D3+ Dyy4)
+R5R14R23cos(€b5+<D14+<D23)]—2(%%)

2
X [RiR;R3R45 €08 (P, + P+ D3+ Pys)
+ R RR4R35cos (P + Dy + D+ Dis)
+RiR3R5R;, cos (D + Dy + D5+ D3y)
+RyR3R R;5 cos (P + D3+ D+ P,5)
+R;R3Rs5R,4cos (D1 + D3+ D5+ Dy,)
+RiR4R5R;3 cos (P +Dp+ D5+ Ds3)
+R,3R3R4R 5¢08 (P + D3+ P, +Py5)
+R,3R3R5R 4 cos (P + D3+ D5+ D)
+R3R4R5R 3 ¢co8 (P +Dy+ D5+ Dy 3)
+R3R4R5R;; cos (P3+ Py+ D5+ Dy 5)]
+2(150§——10c;2;2304+6%65

>R1R2R3R4R5

1
X COS (Qpl +¢2+¢3+¢4+¢5)} {1+0<N>} .

(3.3)
With the use of standard techniques, (3.3) leads to the
conditional probability distribution of the structure
invariant @n+ @+ @1+ @+ @, given the magni-
tudes of the 15 structure factors (3.1), as shown in the
following paper (Hauptman & Fortier, 1977); and
O(1/N) in (3.3) consists of those terms of order 1/N
or higher which make a contribution only to terms of
order 1/N? or higher in the final conditional distribu-
tion.
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structing a table of integrals which effected a major
simplification in the lengthy analysis described in Ap-
pendix II. This research was supported in part by
Ministére de I’Education, Gouvernement du Québec,
Grant No. MPS73-04992 from the National Science
Foundation and DHEW Grant No. HL 15378 and
RRO5716.
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APPENDIX I

R1R2R3R4R5R12R13R14R15R23R24R25R34R35R45

P,.=
15 7[15

exp— <R§+R%+...+Ris)

X €Xp (—%[R%R§+R%R%2+R§R%2+... +RIR:+RIRZ;+R2R3s+R3R3;+ R?R25 +R33R35+ ..

+R2R?,+ R2ZR3;+R2,R3;—7(R?+ R3+ ...+ R)—4(R},+ R};+... + RZ5)+ 25]
:T“%[(R‘}—4R§+2)+...+(R‘15—4Ris+2)]+R1R2R12cos (@, + B, — By )

2 2
x{aé’m 552 (6= Ri—RI—R%) + ~ 55t [0+ R+ R3+ R, —3(R3+Ri+ RY)

—2(Ri3+Ris+R}s +R33+ R34+ R3s)—3(R3.+R3s +Ris)]

2
gfz( 24+ R2+R% —5(R%+ R2+R2)

+3(R33+Ris+R35+R33+R3,+R3s) +6(R§4+R§5+R‘2;5)]}> +...9 terms

20
+ R R23R,s COS(¢1+4’23+¢45){ 3/32'*‘ 5/2(6 R}—R33—Ris)
20304 2 2 2y 2 2
+ P [6+R2-3(R3+R3+R2+R%)—2(R?,+R3;+R3,+Ris)

—(R34+ R34+ R34+ R35)+ R334+ Ris)
20'3 [

o372 19+Ri+5(RI+R3+R2+R2)+3(R2,+ R334+ R, + R3s)
+R33+R3,+R3s+R3,+ R} 5+R55]} +... 14 terms

6 2
+R,R,R5R,5 cos (<151+<p2+<p3+<p45)<— - %) +...9 terms
2
2 403
+ R R;R 3R;3 cos (P +Py3— Py — ‘D13)<O-04 %)‘“--29 terms
2
+R{R{5R3R45 cOs (¢1—¢12—¢13—¢45)<6—2 - —3) +... 29 terms

204 203
+R12R34R13R24 COS ((1512—{-@34—@13—@24) ? +... 14 terms
2

2065 20030, . 3003
+R R2R3R4R5005((p1+(p2+(p3+(p4+(p )( 5/52 — ﬁ gﬁ)

3
205 140304 16"3) +...29 terms

+RiR;R3R 4R 5¢co8 (D — D, — D3~ P14 —Dy5) (ﬂ - 7z T 55z
(o) (o) (]

205 10030, , 1003
+R12R23R45R14R35C0S((p12+(p23+(p45+(p14+(p35)< 5/52 ﬁﬁ-;—g‘é)%—.llterms
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o 60,0 3
+R13R13R23RE5 €08 (P14 D3+ Py +2Dys) (@?2 - # + W) +... 9 terms

1263

129304 | W) +... 59 terms
g2

Pl

6 3
+ %) +... 29 terms
2

20
+R1R;R34R 3R, cO8 (P14 P+ P34 — D3 — Dyy) (?/52 -

o 6030
+RIR 2R 3R,5 €08 (2P, + B3 — Dy, — Dy 3) ("5— - #

o3

803

10
205 9304 W) +...59terms.

+R1R 3R 3R,4R;5¢08(D1+ D13+ Doy + Pys— ¢12)<E§ﬁ L
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It is assumed that a crystal structure in P1 is fixed and that the 15 non-negative numbers R,, R,, R,
Ra, Rs; Ryz, Ry3, Ryg, Rys, Ras, Ray, Rys, Ras, Rys, Rys arealso specified. The random variables (vectors)
h, k, 1, m, n are assumed to be uniformly and independently distributed in the regions of reciprocal space
defined by

|Enl=Ry, |[Ex] =Ry, |[E\|=Rs3, |Em|=Ry, |[E.|=Rs; (1)
[Eh+k|=R12a IEh+||=R13, IEh+m|=R147 |Eh+nl=R15a |Ek+||=R23,
|Ek+mI=R24: lEk+nI=R25, ]El+m]=R34= lEl+nI=R357 IEm+n|=R4-5: (2)
and
h+k+l+m+n=0. 3)

Then the structure invariant ¢ =@y + @i+ ¢, + @+ @y, as a function of the primitive random variables
h, k, |, m, n, is itself a random variable, and its conditional probability distribution, given (1) and (2), is
derived. The distribution leads to estimates for cos ¢ in terms of the 15 magnitudes (1) and (2).

1. The probabilistic background

Suppose that a crystal structure consisting of N atoms
(not necessarily identical) per unit cell in P1 is fixed
and that the 15 non-negative numbers R,, R,, R3, Ry,
Rs; Ry, Rys, Ryg, Rys, Ry3, Rys, Rys, Ras, Ris, Rys
are also specified. Define the fivefold Cartesian prod-
uct WxWxWxWxW of reciprocal space W to
be the collection of all ordered quintuples (h, k, I,

* Presented at the Intercongress Symposium: Direct Methods in
Crystallography, August 3-6, 1976, Buffalo, New York, Abstract
PB13; and at the ACA Meeting, August 9-12, 1976, Evanston, Ili.,
Abstract SD3.
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m, n) where h, k, 1, m, n are reciprocal vectors. Suppose
next that the ordered quintuple of reciprocal vectors
(h, k, 1, m, n) is a random variable which is uniformly
distributed over the subset of Wx W x W x W x W
defined by

|[En|=Ry, |[Ex|=R,, |[Ej|=Rs, |[En|=Ra, |Eal=Rs;(1.1)
IEh+kI:RIZs |Eh+||=R13, lEh+m|=Rl45 |Eh+n|=R15,
,Ek+I|=R23, IEk+m|=R24a |Ek+nI=R259 |E|+mI=R34s
|Ev+al =R3s, |[Em+nl=Ras; (1.2)

and

h+k+l+m+n=0. (1.3)



