
572 

Acta Cryst. (1977). A33, 572-575 

Quintets: a Joint Probability Distribution of Fifteen Structure Factors 
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It is assumed that a crystal structure in P1 is fixed and that the random variables (vectors) h, k, l, m, n 
are uniformly and independently distributed over the subset of reciprocal space defined by h + k + I 
+ m + n = 0. Then the 15 structure factors Eh, Ek, El, Era, Ea, Eh + k, Eh + I, El, + m, El, + n, Ek + I, Ek + m, Ek + n, 
E~+m, El÷n, Era+,,, as functions of the primitive random variables h, k, l, m, n, are themselves random 
variables, and their joint probability distribution is found. This distribution plays the central role in the 
theory and estimation of the five-phase structure invariants Oh + Ok + (P~ + tpm + q~,,. 

1. Introduction 

In recent work (Haup tman  1975a, b) a new method  
in the probabil ist ic theory of the structure invariants  
was initiated [and later extended to include the un- 
equal a tom case, in part icular  to neutron diffraction 
(Hauptman,  1976)-]. Of  part icular  importance was the 
in t roduct ion of the ne ighborhood concept which plays 
the central role in this development.  In the previous 
paper  (Hauptman,  1977) a sequence of nested neigh- 
borhoods  of the five-phase structure invariant  q~ = 
q~h -'[- q~k "t- q~l "t- q~m "t- q~n was obtained. In the present 
paper  jo int  probabil i ty  distr ibutions of five and of 
fifteen structure factors, associated with the first and 
second neighborhoods,  respectively, of q0 are derived. 
In the following paper  (Haup tman  & Fortier,  1977) 
the related condit ional  probabi l i ty  distr ibutions of q~ 
are obtained.  The methods  used are the same as those 
described in the earlier work (Hauptman,  1975a, b, 
1976) with which it is assumed that  the reader is 
familiar, so that  the present paper  is greatly abbre- 
viated. However,  Appendix II, available from the 
authors  as a technical report  of the Medical Founda-  
t ion of Buffalo, contains complete details of the deriva- 
tion for the 15-structure-factor distribution. Improve-  
ments and simplifications in the mathemat ica l  tech- 
niques have made it possible to carry out  the ex- 
tremely lengthy calculations in a reasonable time. 

2. Joint  probability distribution of the five structure 
factors Eh, Ek, El, Em, En 

Suppose that  a crystal structure, consisting of N atoms 
(not necessarily identical) per unit cell in P1, is fixed. 
The fivefold Cartesian product  W x W x W x W x W 
of reciprocal space W consists of all ordered quintuples 
(h, k, !, m, n), where h, k, 1, m, n are reciprocal vectors. 
Suppose that  the ordered quintuple of reciprocal 
vectors (h, k, !, m, n) is a r andom variable (vector) 
which is uniformly distr ibuted over the subset of 
W x W x W x W x W defined by 

h + k + i + m + n = 0 .  (2.1) 

Then the five normalized structure factors, 

Eh, Ek, EL, Era, E , ,  (2.2) 

as functions of the primitive r andom variables, h, k, 
1, m, n, are themselves r andom variables. Denote  by 

Ps=P(RbR2, R3, R~,Rs; ~ 1 , ~ 2 , 4 ~ 3 , ' ~ , ~ s )  (2.3) 

the joint  probabi l i ty  distr ibution of the magnitudes,  
]Eh[, [Ek], [Eli, IEm[, IEn], and the phases, q~h, ~Ok, qh, 
q~m, ~0., of the five structure factors (2.2). Then, following 
the methods  referred to earlier, one readily finds, cor- 
rect up to and including terms of order 1/N 3/z, 

1R { Ps~--~ ,R2R3R4Rsexp- (R2+R2+R2+R2+R 2) 

~4 
n- l'~ 2 n- Ix 3 - r  4.7- 5 ~-a~ [R~ ± o4  ± o4  ± R 4 ± R 4 

_ 4 ( R  2 2 2 2 2 + R 2  + R 3  + R 4  + R 5 ) +  10] 

2a5 } 
+ ~2/2R1RER3R4R5 c o s ( ~ l  + ~ 2 + 4 ~ 3 + ~ 4 + ~ 5 )  , 

(2.4) 

where 
N 

a , =  Z f T ,  (2.5) 
j = l  

and J) is the zero-angle atomic scattering factor for 
the a tom labeled j. In the X-ray diffraction case the 
f j  are the atomic numbers  Z~ and are therefore all 
positive; in the neutron diffraction case some of the 
fj  may be negative. (2.4) leads directly to the con- 
dit ional probabi l i ty  distr ibution of the structure in- 
variant  q~h + q~k + ~0~ + q0m + ~0n, given the magnitudes of 
the five structure factors (2.2), as shown in the ac- 
companying  paper  (Haup tman  & Fortier,  1977). 
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3. Joint probability distribution of the 15 structure 
factors Eh, Ek, El, Em, En; Eh+k, Eh+l, Eh+m, 

Eh+n, Ek+l, Ek+m, Ek+n, El+m, El+n, Em+n 

Under the same assumptions as in § 2 the 15 normalized 
structure factors 

Eh, Ek, El, Em, En ; 

Eh+k, Eh+l, Eh+m, Eh+n, Ek+l, 

Ek+m, Ek+n, El+m, El+n, Em+n, (3.1) 

as functions of the primitive random variables h, k, 
1, in, n, are themselves random variables. Denote by 

P15 =P(R1, R2, R3, R4, Rs, R22, R13, R14, 

R25, R23, R24, R25, R34, R35, R45; 

4)2, 4)2, 4)3, 4)4, 4)5, 4)12, 4)13, 4)14, 

4)15, 4)23, 4)24, 4)25, 4)34, 4)35, 4)45) (3.2) 

the joint probability distribution of the magnitudes, 
]El, and phases, q~, of the 15 structure factors (3.1). 
Following the methods referred to earlier (Hauptman, 
1975a, b, 1976) and described at length in Appendix II, 
which is available from the authors, P25, the major 
result of this paper, has been obtained and is shown 
in Appendix I correct up to and including terms of 
order 1/N 3/2. Here, only those terms in Pa 5 are given 
which are needed to derive the conditional distribu- 
tion described in the accompanying paper (Hauptman 
& Fortier, 1977) correct up to and including terms of 
order 1/N3/2: 

1 
P15 = ~ R2RzR3R4R5RlzR13R14 

× R15R23Rz4R25R34R35R45 

f 2 2 2 2 2 2 2 x exp -R1 --R2 - R a - R 4 - R 5  - R 1 2  - R 1 3  
2 ~ 2 2 2 2 2 2 2 - R 2 4 -  R15 - R23 -- R 2 4 -  R25 - R 3 4 -  R35 - R45 

20.3 [RIR2R12 COS (4)2 +4)2--4)12) 

-]- R2RaR23 cos (4)1 + 4)3 -- 4)13) 

+RIR4R14 cos (4)2 +4)4-4)14) 

+R1RsRls cos (4)1 +4)5-4)a5)  

+ R2R3R23 cos (4)2 -~- 4)3 - 4)23) 

+ RER4R24 cos (4)2 -~- 4)4 - 4)24) 

+ R2RsR25 cos (4)2 71- 4)5 -- 4)25) 

+ R3R4R34 cos (q) 3 + 4)4-  4)34) 

+R3RsR35 cos (4)3+4)5-4)35) 

+ R4R5R45 cos (4)4 + 4)5 - 4)45)] 

20"3 [R1R23R45 cos (4)1 "Jr" 4)23 dr" 4)45) 

+RIR24R35 COS (4)1 +4)24"[-4)35) 

+R1R25R34 cos (4)1 + 4)25 + 4)34) 

+R2R23R45 cos (4)2 -I- 4)13 + 4)45) 

+R2R14R35 COS (t~2-1-1~14--1-t~35) 

-FR2R25R34 COS (4)2-3c- 4)15-~- 4)34) 

+ R 3 R 12R45 cos (4)3 q- 4) 12 -Jr- 4)45) 

+R3R14R25 COS (4)3 nt- 4)24-'~t- 4)25) 

+R3RlsR24 cos (4)3 +4)15 q- 4)24) 

+R4R12R35 COS (4)4-+- 4)12-Jr- 4)35) 

+ R4R 13R25 cos (4)4 + 4) 23 + 4)25) 

+R4R25R23 cos (4)4+ 4)15 + 4)23) 

+ RsRx 2R34 cos (4)5 + 4)12 71- 4)34) 

+R5R13R24 cos (4)5 "q- 4)13-÷- 4)24) 

+ R5R14R23 cos (4)5-~- 4)14 + 4)23)]- 2130.j/'2 --tr \ _.Sf 20.4 | 
k, 0"2 / 

× [R1RER3R45 cos (4)1 + 4)2 + 4)3 + 4)45) 

+RIR2R4R35 cos (4)1 +4)2+4)4+4)35) 

+ RaR2RsR34 cos (4)1 + 4)2 + 4)5 + 4)34) 

+RIR3R4R25 cos (4)1 +4)3+4)4+4)25) 

+R1R3R5R24 cos (4)1 +4)3+4)5 +4)24) 

+R1R4RsR23 cos (4)1 +4)4+4)5 +4)23) 

+ R2R3R4R15 cos (4)2 + 4)3 + 4)4 + 4)15) 

+R2R3RsRa4 cos (4)2 + 4)3 + 4)5 + 4)14) 

+ R2R4RsR13 cos (4)2 + 4)4 + 4)5 + 4)13) 

+ R3R4R 5R x 2 cos (4)3 + 4)4 + 4)5 + 4)12)] 

+ 2 (.150.33 -- 100.z0.30.4 + 0.2z0.5.) 
a 9 / 2  R2R2R3R4R5 

(3.3) 
With the use of standard techniques, (3.3) leads to the 
conditional probability distribution of the structure 
invariant q~h + (Pk + qh + ~Om + q~n, given the magni- 
tudes of the 15 structure factors (3.1), as shown in the 
following paper (Hauptman & Fortier, 1977); and 
O(1/N) in (3.3) consists of those terms of order 1/N 
or higher which make a contribution only to terms of 
order 1/N 2 or higher in the final conditional distribu- 
tion. 
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structing a table of integrals which effected a major 
simplification in the lengthy analysis described in Ap- 
pendix II. This research was supported in part by 
Minist6re de l 'Education, Gouvernement du Qu6bec, 
Grant  No. MPS73-04992 from the National Science 
Foundation and D H E W  Grant  No. HL 15378 and 
RR05716. 
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APPENDIX I 

RIR2R3R4R5RI2RI3R14RI5R23R24R25R34R35R45 exp- (R i+R 2+ +R2s) 
P15 = rcl5 "'" 

% l 

0.2 2 2 2 2 m R 2 R 2 ± R 2 R  2 2 2 2 2 2 2 xexp  - a-~2[R2RE+R1RIE+RER12+... T ,, 5,- 4 ,,5+RsR,,s+R1RE3+R1R,,s+R223RE5+... 

+ RsR,,,2 2 + R2R 23 ._,,~4± o2 R EEa_7(RE+R2+ ... + RE)-4(RE2 + R213 +... + RE5)+ 25] 

0.<* [ ( R ~ - 4 R 2 + 2 ) +  +(R~5-4R]5+2)]+RxR2R~2 cos(q~,+tb2-q~12) ~-~2 °'" 

;20"3 20.30.~. [9 + n 2 + R~ + R~2-  3(R~ + R,] + R~) x~a2-~/2 + as ( 6 - - R ~ - R ~ - - R ~ 2 ) +  aVE/2 

2 2 2 -2(R2a+R24+R21 s +R23+R224+R25)-3(Ra4+R25+R45)] 

20.E 
+ a2-~/2 ( -  24 + R21 + R 2 _ 5(R 2 + R 2 + R52) 

+ 3(R23 + R24 + R2s + R223 + R24 + R25) + 6(R24 + R 2 s + R]s)] t  ) + ... 9 terms 
" X N  

.[20"3 a5 _R23_R45)  +glgEag,,scos(cio,+qo23+~45))~2/2 +~E/E(6_R2 2 2 

20.30"4 [6+ g 2 - 3(R 2 + R E + R E + RE) - 2(R22 + R23 + R24 + R25) 

_(R24_t_R 2 2 2 zs+R3~+Ras)+REa+R25]  

20 .3 , ~; + ~ [ -  19 + RT +-IU~ + R 2 + R I + R i ) + 3 ( R ~ ,  +Rl~3 + R ~ +  R2~) 

2 2 2 2 2 2 
" N  

+R23+R24+R25-k-R34-I-R35--i-R45] +. . .  14terms 
J 

60.2~ 
+RlR2R3R45cos(cI),+crP2+cD3+~,,5)(a2-~2'* 0.23 ] + . . .  9 terms 

+R,R2R,3R23 COS (~l. + ~23-- ~2-- ~13) ( 0.-2---~224 

+R,R,2Ri3R45 COS (¢:~1. -- t:~12-- 1::~13-- t:J)45) ('0..~--'~4" 

+Ri2R34Rt3R24 cos (~b,2 + tb34- q~,3- ~24) ( 02-~a224 

{2a5 
q- R x RERaRaR 5 cos(~l + ~2 + t~3 -~- ~ 4  Jr- t~5)t~22/2 

~22 ,] + " "  29 terms 

40.2"~ 
j + . . .  29 terms 

20.2'~ 
-J22) + " "  14 terms 

200.30.4 300.E'~ + 

(2a5 140"30"4 16a3"~ 
+ R,R2R3Ri4Ris cos (CI)i-clo2-go3-cbi,,-cI)is)\aS/2 aV2/2 + ~2/2 ) + . . . 2 9 t e r m s  

,n d/20.s 10aaa4 10a3'~ 
+glggEaR,,5R>,RascOS(4~lE+~E3+q~,,s+cI)14+'.'35,~2/2 0.~/---~ + a2--~- ] + . . .  11 terms 
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_bR12R13R23R25cos(~12q_~13_q_cI)23.q_2~45)( 0"5 60"30" 4 60- 3)  a~z/2 0-7/2 + ~ + .-. 9 terms 

{2~r5 120-30"4 120"3'~ 
'{-R1R2R34R13R24 c°s (qT)l{~2-{"(~)34-(lb13-c1)24)~k-~2/2 0"7/2 + ~2/2 J +.. .59terms 

0"5 60"30"4 60 .3 '~ 
+R2R,2R13R23 cos (2~1 + ~ 2 3 - ~ 1 2 - ~ , 3 )  a2-~/2 a~/2 + ~2/2/] +.. .  29 terms 

. / 2 a 5  80- 3 '~ 
ql-RiR12R13R24R25cos(~1-[- ~)13 At- (~24-[- (~25 - ~12)~25/2 10~20-~4 + a2-~/2] + . . .  59terms. 
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Quintets: the Probabilistic Theory of the Structure Invariant q)h + (l)k + (lh + q)m + q)n* 
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Medical Foundation of  Buffalo, 73 High Street, Buffalo, New York 14203, USA 

(Received 23 June 1976; accepted 21 January 1977) 

It is assumed that a crystal structure in P1 is fixed and that the 15 non-negative numbers R1, R2, R3, 
R4, Rs; R12, R13, R I4, R15, R23, R24, R25, R34, R35, R45 are also specified. The random variables (vectors) 
h, k, !, m, n are assumed to be uniformly and independently distributed in the regions of reciprocal space 
defined by 

IEnI=Ra, IEkl =R2, lEd =R3, IEm[ =R4, IE,,I =R5; (1) 

[Eh+kI=R12, ]Eh+,I=R13, ]Eh+ml=R14, [Eh+.[=Rxs, [Ek+I[:R23, 
IEk+mI=R24, [Ek+.,I=R25, [El+ml=R34, IE.+nI=R35, [Em+nl=R45: (2) 

and 

h + k + l + m + n = 0 .  (3) 

Then the structure invariant q~ = q~h + q~k + (tOl + (#m -~ (Pn, as a function of the primitive random variables 
h, k, I, m, n, is itself a random variable, and its conditional probability distribution, given (1) and (2), is 
derived. The distribution leads to estimates for cos q~ in terms of the 15 magnitudes (1) and (2). 

1. The probabilistic background 

Suppose that a crystal structure consisting of N atoms 
(not necessarily identical) per unit cell in P1 is fixed 
and that the 15 non-negative numbers RI, R2, R3, R4, 
Rs; R12, R13, R14, R15, R23, R24, R25, R34, R35, R45 
are also specified. Define the fivefold Cartesian prod- 
uct W ×  W ×  W ×  W ×  W of reciprocal space W to 
be the collection of all ordered quintuples (h, k, l, 

* Presented at the Intercongress Symposium: Direct Methods in 
Crystallography, August 3-6, 1976, Buffalo, New York, Abstract 
PB13; and at the ACA Meeting, August 9-12, 1976, Evanston, II1., 
Abstract SD3. 
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m, n) where h, k, 1, m, n are reciprocal vectors. Suppose 
next that the ordered quintuple of reciprocal vectors 
(h, k, l, m, n) is a random variable which is uniformly 
distributed over the subset of W × W × W × W × W 
defined by 

[Eh[=R1, [Ek[=R2, [EI[=R3, [E,,,] =R4,  [En]=Rs;(1.1) 

IEh+kl=R,z, [Eh+,[=R13, IEh+ml=R14, IEh+,I=Ras,  

IEk+d=R23, IEk+ml=R24, IEu+.,I=R25, [E,+mI=R34, 

IE, +,1 = R35, IE,. +.1-- R45 ; (1.2) 

and 
h + k + l + m + n = 0 .  (1.3) 


